
8XR .2i2`KBM�Mib Q7 b[m�`2 K�i`B+2bX

yX �bbmK2/ #�+F;`QmM/X

Ç q?�i ?�b #22M +Qp2`2/ BM hQTB+b R@jX

�#bi`�+iX q2 BMi`Q/m+2,ě

Ç i?2 MQiBQM Q7 /2i2`KBM�Mib 7Q` b[m�`2 K�i`B+2b- �M/ i?2 ǵ2tT�MbBQM Q7 /2i2`KBM�Mib �HQM; U�`#Bi`�`vV `QrbǶ-
Ç bQK2 `2bmHib QM /2i2`KBM�Mib 7Q` b2p2`�H bT2+B�H ivT2b Q7 b[m�`2 K�i`B+2b r?B+? +�M #2 2p�Hm�i2/ /B`2+iHv #v

ǵ2tT�M/BM; �HQM; `QrbǶ- �M/
Ç i?2 KmHiB@HBM2�`Biv �M/ �Hi2`M�iBM; T`QT2`iB2b BM `Qrb 7Q` /2i2`KBM�MibX

h?2 F2v B/2� BM i?2 K�i?2K�iB+�H BM/m+iBQM �`;mK2Mi 7Q` i?2 `2bmHi QM i?2 p�HB/Biv Q7 ǵ2tT�M/BM;Ƕ � /2i2`KBM�Mi
�HQM; �`#Bi`�`v `Qrb Bb BHHmbi`�i2/ BM i?2 �TT2M/BtX

RX .2}MBiBQMX Uam#@K�i`Bt Q7 � b[m�`2 K�i`Bt `2bmHi�Mi 7`QK bBKmHi�M2Qmb `Qr@�M/@+QHmKM /2H2iBQMXV
G2i A #2 �M (n× n)@b[m�`2 K�i`BtX
6Q` 2�+? k, ! = 1, 2, · · · , n- i?2 ((n− 1)× (n− 1))@K�i`Bt Q7 A `2bmHi�Mi 7`QK i?2 bBKmHi�M2Qmb /2H2iBQM Q7 Bib k@i?
`Qr �M/ !@i? +QHmKM Bb +�HH2/ i?2 (k, !)@i? bm#@K�i`Bt Q7 A U`2bmHi�Mi 7`QK bBKmHi�M2Qmb `Qr@�M/@+QHmKM
/2H2iBQMVX am+? � K�i`Bt Bb /2MQi2/ #v A(k|!)X
_2K�`FX q?2`2 i?2`2 Bb MQ TQbbB#BHBiv Q7 +QM7mbBQM- r2 K�v +?QQb2 iQ QKBi i?2 T?`�b2 ǵ`2bmHi�Mi 7`QK bBKmHi�@
M2Qmb `Qr@�M/@+QHmKM /2H2iBQMǶX

kX 1t�KTH2 URVX UAHHmbi`�iBQMb Q7 bm#@K�i`B+2b `2bmHi�Mi 7`QK bBKmHi�M2Qmb /2H2iBQM Q7 `Qrb �M/ +QHmKMb-
7Q` b[m�`2 K�i`B+2b Q7 bK�HH bBx2bXV

U�V amTTQb2 A =
[
a11 a12
a21 a22

]
X h?2M

A(1|1) =
[

a22

]
, A(1|2) =

[
a21

]
, A(2|1) =

[
a12

]
, A(2|2) =

[
a11

]
.

U#V amTTQb2 A =

[
a11 a12 a13
a21 a22 a23
a31 a32 a33

]
X h?2M

A(1|1) =
[

a22 a23
a32 a33

]
, A(1|2) =

[
a21 a23
a31 a33

]
, A(1|3) =

[
a21 a22
a31 a32

]
,

A(2|1) =
[

a12 a13

a32 a33

]
, A(2|2) =

[
a11 a13

a31 a33

]
, A(2|3) =

[
a11 a12

a31 a32

]
,

A(3|1) =
[

a12 a13
a22 a23

]
, A(3|2) =

[
a11 a13
a21 a23

]
, A(3|3) =

[
a11 a12
a21 a22

]

U+V amTTQb2 A =




a11 a12 a13 a14
a21 a22 a23 a24
a31 a32 a33 a34
a41 a42 a43 a44



X h?2M

A(1|1) =



 a22 a23 a24
a32 a33 a34
a42 a43 a44



- A(1|2) =



 a21 a23 a24
a31 a33 a34
a41 a43 a44



- A(1|3) =



 a21 a22 a24
a31 a32 a34
a41 a42 a44



- A(1|4) =



 a21 a22 a23
a31 a32 a33
a41 a42 a43



-

A(2|1) =




a12 a13 a14

a32 a33 a34
a42 a43 a44



- A(2|2) =




a11 a13 a14

a31 a33 a34
a41 a43 a44



- A(2|3) =




a11 a12 a14

a31 a32 a34
a41 a42 a44



- A(2|4) =




a11 a12 a13

a31 a32 a33
a41 a42 a43



-

A(3|1) =




a12 a13 a14
a22 a23 a24

a42 a43 a44



- A(3|2) =




a11 a13 a14
a21 a23 a24

a41 a43 a44



- A(3|3) =




a11 a12 a14
a21 a22 a24

a41 a42 a44



- A(3|4) =




a11 a12 a13
a21 a22 a23

a41 a42 a43



-

A(4|1) =




a12 a13 a14
a22 a23 a24
a32 a33 a34



- A(4|2) =




a11 a13 a14
a21 a23 a24
a31 a33 a34



- A(4|3) =




a11 a12 a14
a21 a22 a24
a31 a32 a34



- A(4|4) =




a11 a12 a13
a21 a22 a23
a31 a32 a33




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jX .2}MBiBQMX UǵAM/m+iBp2 /2}MBiBQMǶ 7Q` /2i2`KBM�Mi i?`Qm;? ǵ2tT�MbBQM �HQM; i?2 }`bi `QrǶXV

U�V G2i B #2 � (1× 1)@b[m�`2 K�i`Bt- r?Qb2 QMHv 2Mi`v Bb /2MQi2/ #v bX
h?2M r2 /2}M2 i?2 /2i2`KBM�Mi Q7 B iQ #2 i?2 MmK#2` bX q2 r`Bi2 det(B) = bX

U#V Uq2 /2}M2 i?2 /2i2`KBM�Mib Q7 b[m�`2 K�i`B+2b Q7 Qi?2` bBx2b BM/m+iBp2HvVX
amTTQb2 n Bb �M BMi2;2` ;`2�i2` i?�M 1X
amTTQb2 A Bb �M (n× n)@b[m�`2 K�i`Bt- r?Qb2 (i, j)@i? 2Mi`v Bb /2MQi2/ #v aij X
h?2M r2 /2}M2 i?2 /2i2`KBM�Mi Q7 A- r?B+? r2 /2MQi2 #v det(A)- BM/m+iBp2Hv #v

det(A) = a11 · (−1)1+1 det(A(1|1)) + a12 · (−1)1+2 det(A(1|2)) + a13 · (−1)1+3 det(A(1|3)) + · · · · · ·
+ a1! · (−1)1+! det(A(1|!)) + · · · · · · + a1n · (−1)1+n det(A(1|n)).

h?Bb ǵ7Q`KmH�Ƕ Bb `272``2/ iQ �b i?2 ǵ2tT�MbBQM Q7 det(A) �HQM; i?2 }`bi `QrǶX

_2K�`F QM i2`KBMQHQ;B2bX h?2 /2i2`KBM�Mi Q7 � b[m�`2 K�i`Bt Ur?Qb2 2Mi`B2b �`2 MmK#2`bV Bb bBKTHv �
MmK#2`X >Qr2p2`- r2 p2`v Q7i2M #Q``Qr i2`KBMQHQ;B2b 7`QK K�i`B+2b r?2M rQ`FBM; rBi? /2i2`KBM�MibX
"v i?2 T?`�b2 k@i? `Qrf+QHmKM Q7 i?2 /2i2`KBM�Mi Q7 A- r2 K2�M i?2 k@i? `Qrf+QHmKM Q7 i?2 K�i`Bt A r?Qb2
/2i2`KBM�Mi r2 �`2 +QMbB/2`BM;X

9X 1t�KTH2 UkVX UAHHmbi`�iBQM Q7 ǵ2tT�MbBQM Q7 /2i2`KBM�Mi �HQM; i?2 }`bi `QrǶ 7Q` b[m�`2 K�i`B+2b Q7
bK�HH bBx2XV

U�V amTTQb2 A =
[
a11 a12
a21 a22

]
X h?2M

det(A) = a11 · (−1)1+1 det(A(1|1)) + a12 · (−1)1+2 det(A(1|2))

= a11 · (−1)1+1det(
[

a22

]
) + a12 · (−1)1+2det(

[
a21

]
)

= a11a22 − a12a21

U#V amTTQb2 B =

[
b11 b12 b13
b21 b22 b23
b31 b32 b33

]
X h?2M

det(B)

= b11 · (−1)1+1 det(B(1|1)) + b12 · (−1)1+2 det(B(1|2)) + b13 · (−1)1+3 det(B(1|3))

= b11 · (−1)1+1det(

[
b22 b23
b32 b33

]
) + b12 · (−1)1+2det(

[
b21 b23
b31 b33

]
) + b13 · (−1)1+3det(

[
b21 b22
b31 b32

]
)

= b11 · (−1)1+1(b22b33 − b23b32) + b12 · (−1)1+2(b21b33 − b23b31) + b13 · (−1)1+3(b21b32 − b22b31)

= b11b22b33 + b12b23b31 + b13b21b32 − b11b23b32 − b12b21b33 − b13b22b31

U+V amTTQb2 C =




c11 c12 c13 c14
c21 c22 c23 c24
c31 c32 c33 c34
c41 c42 c43 c44



X h?2M

det(C)

= c11 · (−1)1+1 det(C(1|1)) + c12 · (−1)1+2 det(C(1|2)) + c13 · (−1)1+3 det(C(1|3)) + c14 · (−1)1+4 det(C(1|4))

= c11 · (−1)1+1det(



 c22 c23 c24
c32 c33 c34
c42 c43 c44



) + c12 · (−1)1+2det(



 c21 c23 c24
c31 c33 c34
c41 c43 c44



)

+c13 · (−1)1+3det(



 c21 c22 c24
c31 c32 c34
c41 c42 c44



) + c14 · (−1)1+4det(



 c21 c22 c23
c31 c32 c33
c41 c42 c43



)

= · · · · · · · · ·
= c11c22c33c44 + c11c23c34c42 + c11c24c32c43 + c12c21c34c43 + c12c24c33c41 + c12c23c31c44

+c13c24c31c42 + c13c21c32c44 + c13c22c34c41 + c14c23c32c41 + c14c22c31c43 + c14c21c33c42
−c11c22c34c43 − c11c24c33c42 − c11c23c32c44 − c12c21c33c44 − c12c23c34c41 − c12c24c31c43
−c13c24c32c41 − c13c22c31c44 − c13c21c34c42 − c14c23c31c42 − c14c21c32c43 − c14c22c33c41
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8X h?2Q`2K URVX Uǵ1tT�MbBQM Q7 /2i2`KBM�Mi �HQM; �`#Bi`�`v `QrbǶXV
amTTQb2 A Bb �M (n× n)@b[m�`2 K�i`Bt- r?Qb2 (i, j)@i? 2Mi`v Bb /2MQi2/ #v aij X
h?2M- 7Q` 2�+? i = 1, 2, · · · , n-

det(A) = ai1 · (−1)i+1 det(A(i|1)) + ai2 · (−1)i+2 det(A(i|2)) + ai3 · (−1)i+3 det(A(i|3)) + · · · · · ·
+ ai! · (−1)i+! det(A(i|!)) + · · · · · · + ain · (−1)i+n det(A(i|n)).

_2K�`F QM i2`KBMQHQ;vX h?2 ǵ7Q`KmH�Ƕ BM i?2 +QM+HmbBQM Bb `272``2/ iQ �b i?2 ǵ2tT�MbBQM Q7 det(A) �HQM; i?2
i@i? `QrǶX
S`QQ7 Q7 h?2Q`2K URVX PKBii2/X Uh?Bb �`;mK2Mi Bb � i2/BQmb 2t2`+Bb2 BM K�i?2K�iB+�H BM/m+iBQM- #mi Bi Bb MQi
/B{+mHiX h?2 F2v B/2� BM i?2 ǵBM/m+iBp2 bi2TǶ Bb /BbTH�v2/ BM i?2 �TT2M/BtXV

eX 1t�KTH2 UjVX U1tTHB+Bi /BbTH�v Q7 ǵ7Q`KmH�2Ƕ Q7 ǵ2tT�MbBQM Q7 /2i2`KBM�Mi �HQM; �`#Bi`�`v `QrbǶ 7Q`
b[m�`2 K�i`B+2b Q7 bK�HH bBx2bXV

U�V amTTQb2 A =
[
a11 a12
a21 a22

]
X h?2M i?2b2 2[m�HBiB2b ?QH/,ě

{
det(A) = a11 det(A(1|1)) − a12 det(A(1|2)),
det(A) = −a21 det(A(2|1)) + a22 det(A(2|2))

U1�+? ;Bp2b `Bb2 iQ det(A) = a11a22 − a12a21XV

U#V amTTQb2 B =

[
b11 b12 b13
b21 b22 b23
b31 b32 b33

]
X h?2M i?2b2 2[m�HBiB2b #2HQr ?QH/,ě






det(B) = b11 det(B(1|1)) − b12 det(B(1|2)) + b13 det(B(1|3)),
det(B) = −b21 det(B(2|1)) + b22 det(B(2|2)) − b23 det(B(2|3)),
det(B) = b31 det(B(3|1)) − b32 det(B(3|2)) + b33 det(B(3|3)).

U+V amTTQb2 C =




c11 c12 c13 c14
c21 c22 c23 c24
c31 c32 c33 c34
c41 c42 c43 c44



X h?2M i?2b2 2[m�HBiB2b ?QH/,ě






det(C) = c11 det(C(1|1)) − c12 det(C(1|2)) + c13 det(C(1|3)) − c14 det(C(1|4)),
det(C) = −c21 det(C(2|1)) + c22 det(C(2|2)) − c23 det(C(2|3)) + c24 det(C(2|4)),
det(C) = c31 det(C(3|1)) − c32 det(C(3|2)) + c33 det(C(3|3)) − c34 det(C(3|4)),
det(C) = −c41 det(C(4|1)) + c42 det(C(4|2)) − c43 det(C(4|3)) + c44 det(C(4|4)).

dX 1t�KTH2 U9VX UAHHmbi`�iBQM Q7 +QKTmi�iBQM Q7 /2i2`KBM�Mib #v ǵ2tT�MbBQM �HQM; `QrbǶXV

U�V amTTQb2 B =

[
1 7 0
6 9 8
0 1 5

]
X h?2M,ě

det(B) = det(

[
1 7 0
6 9 8
0 1 5

]
) = 1 · det(

[
9 8
1 5

]
)− 7 · det(

[
6 8
0 5

]
) + 0 · det(

[
6 9
0 1

]
)

= 1 · (9 · 5− 8 · 1)− 7(6 · 5− 8 · 0) + 0 = −173.

det(B) = det(

[
1 7 0
6 9 8
0 1 5

]
) = −6 · det(

[
7 0

1 5

]
) + 9 · det(

[
1 0

0 5

]
)− 8 · det(

[
1 7

0 1

]
)

= −6 · (7 · 5− 0 · 1) + 9(1 · 5− 0 · 0)− 8(1 · 1− 7 · 0) = −173.

det(B) = det(

[
1 7 0
6 9 8
0 1 5

]
) = 0 · det(

[
7 0
9 8

]
)− 8 · det(

[
1 0
6 8

]
) + 5 · det(

[
1 7
6 9

]
)

= 0− 8(1 · 8− 0 · 6) + 5(1 · 9− 7 · 6) = −173.
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U#V amTTQb2 C =




1 9 7 7
0 5 2 5
1 9 8 0
1 9 8 3



X h?2M,ě

det(C) = det(




1 9 7 7
0 5 2 5
1 9 8 0
1 9 8 3



)

= 1 · det(



 5 2 5
9 8 0
9 8 3



)− 9 · det(



 0 2 5
1 8 0
1 8 3



) + 7 · det(



 0 5 5
1 9 0
1 9 3



)− 7 · det(



 0 5 2
1 9 8
1 9 8



)

= · · · = 15.

det(C) = det(




1 9 7 7
0 5 2 5
1 9 8 0
1 9 8 3



)

= −0 · det(




9 7 7

9 8 0
9 8 3



) + 5 · det(




1 7 7

1 8 0
1 8 3



)− 2 · det(




1 9 7

1 9 0
1 9 3



) + 5 · det(




1 9 7

1 9 8
1 9 8



)

= · · · = 15.

det(C) = det(




1 9 7 7
0 5 2 5
1 9 8 0
1 9 8 3



)

= 1 · det det(




9 7 7
5 2 5

9 8 3



)− 9 · det(




1 7 7
0 2 5

1 8 3



) + 8 · det(




1 9 7
0 5 5

1 9 3



)− 0 · det(




1 9 7
0 5 2

1 9 8



)

= · · · = 15.

det(C) = det(




1 9 7 7
0 5 2 5
1 9 8 0
1 9 8 3



)

= −1 · det(




9 7 7
5 2 5
9 8 0



) + 9 · det(




1 7 7
0 2 5
1 8 0



)− 8 · det(




1 9 7
0 5 5
1 9 0



) + 3 · det(




1 9 7
0 5 2
1 9 8



)

= · · · = 15.

3X h?2Q`2K UkVX U.2i2`KBM�Mi Q7 � b[m�`2 K�i`Bt rBi? �M 2MiB`2 `Qr Q` �M 2MiB`2 +QHmKM Q7 x2`QbXV
h?2 bi�i2K2Mib #2HQr ?QH/,ě

URV amTTQb2 A Bb � b[m�`2 K�i`Bt rBi? �M 2MiB`2 `Qr Q7 x2`QbX h?2M det(A) = 0X
UkV amTTQb2 B Bb � b[m�`2 K�i`Bt rBi? �M 2MiB`2 +QHmKM Q7 x2`QbX h?2M det(B) = 0X

NX S`QQ7 Q7 h?2Q`2K UkVX
h?2 bi�i2K2Mi URV 7QHHQrb BKK2/B�i2Hv 7`QK i?2 ǵ2tT�MbBQM Q7 /2i2`KBM�Mib �HQM; `QrbǶX
q2 �TTHv K�i?2K�iB+�H BM/m+iBQM iQ T`Qp2 i?2 bi�i2K2Mi UkVX
.2MQi2 #v P (n) i?2 T`QTQbBiBQM #2HQr,ě

Ç A7 C Bb �M (n× n)@b[m�`2 K�i`Bt rBi? �M 2MiB`2 +QHmKM Q7 x2`Qb- i?2M det(C) = 0X

U�V h?2 QMHv (1× 1)@b[m�`2 K�i`Bt rBi? �M 2MiB`2 +QHmKM Q7 x2`Qb Bb [0]- r?Qb2 /2i2`KBM�Mi Bb 0X
>2M+2 P (1) Bb i`m2X

U#V G2i k #2 � TQbBiBp2 BMi2;2`X amTTQb2 P (k) Bb i`m2X U>2M+2- B7 B Bb �M (k × k)@b[m�`2 K�i`Bt rBi? �M 2MiB`2
+QHmKM Q7 x2`Qb- i?2M det(B) = 0XV
SB+F �Mv ((k + 1)× (k + 1))@b[m�`2 K�i`Bt C- r?Qb2 (i, j)@i? 2Mi`v Bb /2MQi2/ #v cij 7Q` 2�+? i, jX
amTTQb2 i?2`2 Bb �M 2MiB`2 +QHmKM Q7 x2`Qb BM C- b�v- Bib !@i? +QHmKMX
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1tT�M/BM; det(C) �HQM; Bib }`bi `Qr- r2 ?�p2

det(C) = c11 · det(C(1|1))− c12 · det(C(1|2)) + · · ·+ c1,!−1 · (−1)! det(C(1|!− 1))

+c1! · (−1)!+1 det(C(1|!))

+c1,!+1 · (−1)!+2 det(C(1|!+ 1)) + · · ·+ c1k · (−1)k+1 det(C(1|k)) + c1,k+1 · (−1)k+2 det(C(1|k + 1)).

"v �bbmKTiBQM- r2 ?�p2 c1! = 0X
�HbQ- 7Q` 2�+? j = 1, 2, · · · ! − 1, ! + 1, · · · , k, k + 1- i?2 (k × k)@K�i`B+2b C(1|j) ?�b �M 2MiB`2 +QHmKM Q7 x2`Qb
UǵQ`B;BM�i2/ 7`QKǶ i?2 !@i? +QHmKM Q7 CVX h?2M det(C(1|j)) = 0X
h?2`27Q`2 det(C) = 0X
>2M+2 P (k + 1) Bb i`m2X

"v i?2 S`BM+BTH2 Q7 J�i?2K�iB+�H AM/m+iBQM- P (n) Bb i`m2 7Q` 2�+? TQbBiBp2 BMi2;2` nX

RyX h?2Q`2K UkV +�M #2 ǵmT;`�/2/Ƕ BMiQ i?2 `2bmHi #2HQr- r?B+? rBHH im`M Qmi iQ #2 �M BKTQ`i�Mi iQQH 7Q` 2p�Hm�iBQM Q7
/2i2`KBM�Mib Q7 b[m�`2 K�i`B+2bX
h?2Q`2K UjVX
G2i C #2 �M (n× n)@b[m�`2 K�i`Bt r?Qb2 (i, j)@i? 2Mi`v Bb /2MQi2/ #v cij X
G2i k, ! #2 BMi2;2`b #2ir22M 1 �M/ nX
amTTQb2 �i H2�bi QM2 Q7 i?2 +QM/BiBQMb ("), ("′) Bb b�iBb}2/,ě

(") 1p2`v 2Mi`v BM i?2 k@i? `Qr Q7 C- rBi? T2`?�Tb i?2 2t+2TiBQM Q7 i?2 !@i? 2Mi`v- Bb 0X
("′) 1p2`v 2Mi`v BM i?2 !@i? +QHmKM Q7 C- rBi? T2`?�Tb i?2 2t+2TiBQM Q7 i?2 k@i? 2Mi`v- Bb 0X

h?2M det(C) = ck! · (−1)k+! det(C(k|!))X
_2K�`FX AM TH�BM rQ`/b- h?2Q`2K UjV b�vb,ě
A7 C Bb � b[m�`2 K�i`Bt BM r?B+? bQK2 `Qrf+QHmKM ?�b �i KQbi QM2 MQM@x2`Q 2Mi`v r?B+? Bb HQ+�i2/ �i- b�v- Bib
(k, !)@i? 2Mi`v- r?Qb2 p�Hm2 Bb γ- i?2M det(C) = γ · (−1)k+! det(C(k|!))X

RRX S`QQ7 Q7 h?2Q`2K UjVX
G2i C #2 �M (n× n)@b[m�`2 K�i`Bt r?Qb2 (i, j)@i? 2Mi`v Bb /2MQi2/ #v cij X
G2i k, ! #2 BMi2;2`b #2ir22M 1 �M/ nX

U�V amTTQb2 (") ?QH/b, 1p2`v 2Mi`v BM i?2 k@i? `Qr Q7 C- rBi? T2`?�Tb i?2 2t+2TiBQM Q7 i?2 !@i? 2Mi`v- Bb 0X
h?2M- 2tT�M/BM; det(C) �HQM; Bib k@i? `Qr- r2 Q#i�BM i?2 2[m�HBiv det(C) = ck! · (−1)k+! det(C(k|!))X

U#V amTTQb2 ("′) ?QH/b, 1p2`v 2Mi`v BM i?2 !@i? +QHmKM Q7 C- rBi? T2`?�Tb i?2 2t+2TiBQM Q7 i?2 k@i? 2Mi`v- Bb 0X
h?2M- 2tT�M/BM; det(C) �HQM; Bib k@i? `Qr- r2 ?�p2

det(C) = ck1 · (−1)k+1 det(C(k|1)) + ck2 · (−1)k+2 det(C(k|2)) + · · ·+ ck,!−1 · (−1)k+!−1 det(C(k|!− 1))

+ck! · (−1)k+! det(C(k|!))

+ck,!+1 ·(−1)k+!+1 det(C(k|!+1))+ · · ·+ck−1,n ·(−1)k+n−1 det(C(k−1|n))+ckn ·(−1)k+n det(C(k|n)).

"v �bbmKTiBQM- 7Q` 2�+? j = 1, 2, · · · !− 1, !+1, · · · , n− 1, n- i?2 2�+? Q7 i?2 ((n− 1)× (n− 1))@K�i`B+2b C(k|j)
?�b �M 2MiB`2 +QHmKM Q7 x2`Qb UǵBM?2`Bi2/ 7`QK i?2 !@i? +QHmKM Q7 CVX
>2M+2- #v h?2Q`2K UkV- r2 ?�p2 det(C) = ck! · (−1)k+! det(C(k|!))X

RkX lbBM; h?2Q`2K UjV- r2 +�M /2/m+2 h?2Q`2K U9V- r?B+? Bb �#Qmi /2i2`KBM�Mib Q7 mTT2`fHQr2` i`B�M;mH�` K�i`B+2bX
h?2Q`2K U9VX U.2i2`KBM�Mib Q7 mTT2`fHQr2` i`B�M;mH�` K�i`B+2bXV
h?2 bi�i2K2Mib #2HQr ?QH/,ě

URV amTTQb2 A Bb �M mTT2`@i`B�M;mH�` K�i`BtX h?2M det(A) Bb i?2 T`Q/m+i Q7 i?2 /B�;QM�H 2Mi`B2b Q7 AX
UkV amTTQb2 B Bb � HQr2`@i`B�M;mH�` K�i`BtX h?2M det(B) Bb i?2 T`Q/m+i Q7 i?2 /B�;QM�H 2Mi`B2b Q7 AX

RjX S`QQ7 Q7 h?2Q`2K U9VX
>2`2 r2 T`Qp2 i?2 bi�i2K2Mi URVX h?2 �`;mK2Mi 7Q` i?2 bi�i2K2Mi UkV Bb bBKBH�` iQ i?�i 7Q` i?2 bi�i2K2Mi URVX
.2MQi2 #v P (n) i?2 T`QTQbBiBQM #2HQr,ě

8



Ç A7 C Bb �M (n× n)@mTT2` i`B�M;mH�` K�i`Bt- r?Qb2 /B�;QM�H 2Mi`B2b- 7`QK H27i iQ `B;?i- �`2 c11, c22, · · · , cnn i?2M
det(C) = c11c22 · · · cnnX

U�V P (1) Bb i`m2 #v pB`im2 Q7 /2}MBiBQM Q7 /2i2`KBM�MibX
U#V G2i k #2 � TQbBiBp2 BMi2;2`X amTTQb2 P (k) Bb i`m2X U>2M+2- B7 B Bb � (k × k)@mTT2` i`B�M;mH�` K�i`Bt- r?Qb2

/B�;QM�H 2Mi`B2b- 7`QK H27i iQ `B;?i- �`2 b11, b22, · · · , bkk i?2M det(B) = b11b22 · · · bkkXV
SB+F �Mv ((k + 1)× (k + 1))@mTT2`@i`B�M;mH�` K�i`Bt C- r?Qb2 (i, j)@i? 2Mi`v Bb /2MQi2/ #v cij 7Q` 2�+? i, jX
LQi2 i?�i 2p2`v 2Mi`v Q7 i?2 #QiiQK `Qr Q7 C- rBi? T2`?�Tb i?2 2t+2TiBQM Q7 i?2 H�bi 2Mi`v- Bb 0X
h?2M- #v h?2Q`2K UjV- r2 ?�p2

det(C) = ck+1,k+1 · (−1)(k+1)+(k+1) det(C(k + 1|k + 1)) = ck+1,k+1 det(C(k + 1|k + 1)).

LQi2 i?�i i?2 (k× k)@K�i`B+2b C(k|k) Bb �M mTT2`@i`B�M;mH�` K�i`Bt- r?Qb2 /B�;QM�H 2Mi`B2b- 7`QK H27i iQ `B;?i-
�`2 c11, c12, · · · , ckkX h?2M #v P (k)- r2 ?�p2 det(C(k + 1|k + 1)) = c11c22 · · · ckkX
h?2`27Q`2 det(C) = ck+1,k+1 · det(C(k + 1|k + 1)) = c11c22 · · · ckkck+1,k+1X
>2M+2 P (k + 1) Bb i`m2X

"v i?2 S`BM+BTH2 Q7 J�i?2K�iB+�H AM/m+iBQM- P (n) Bb i`m2 7Q` 2�+? TQbBiBp2 BMi2;2` nX

R9X h?2Q`2K U8VX U*Q`QHH�`v URV iQ h?2Q`2K U9V- �#Qmi /2i2`KBM�Mib Q7 /B�;QM�H K�i`B+2bXV
amTTQb2 D Bb � /B�;QM�H K�i`BtX h?2M det(D) Bb i?2 T`Q/m+i Q7 i?2 /B�;QM�H 2Mi`B2b Q7 DX
AM T�`iB+mH�`- det(In) = 1 7Q` 2�+? TQbBiBp2 BMi2;2` nX

R8X .2i2`KBM�Mib Q7 b[m�`2 K�i`B+2b r?B+? �`2 `Qr@2+?2HQM 7Q`Kb �`2 2�bv iQ +QKTmi2X "mi r2 r�Mi iQ #2 KQ`2 i?Q`Qm;?
i?�M Dmbi /2b+`B#BM; i?2B` /2i2`KBM�MibX
h?2Q`2K UeVX
G2i J #2 �M (n× n)@b[m�`2 K�i`BtX amTTQb2 J Bb � `Qr@2+?2HQM 7Q`K- Q7 `�MF rX h?2M,ě

U�V h?2 }`bi MQM@x2`Q 2Mi`v BM 2�+? MQM@x2`Q `Qr BM J Bb,
Ç i?2 /B�;QM�H 2Mi`v BM i?�i `Qr- Q`
Ç bQK2 2Mi`v bi`B+iHv iQ i?2 `B;?i Q7 i?2 /B�;QM�H 2Mi`v BM i?�i `QrX

U#V J Bb �M mTT2`@i`B�M;mH�` K�i`BtX
U+V h?2 bi�i2K2Mib #2HQr �`2 HQ;B+�HHv 2[mBp�H2Mi,ě

BX J Bb BMp2`iB#H2X
BBX 1p2`v +QHmKM Q7 J Bb � TBpQi +QHmKMX
BBBX 1p2`v `Qr Q7 J Bb � MQM@x2`Q `QrX
BpX h?2 MmK#2` Q7 `Qrb Q7 J - i?2 MmK#2` Q7 +QHmKMb BM J - �M/ i?2 `�MF Q7 J - �`2 2[m�H iQ 2�+? Qi?2`X
pX J Bb �M mTT2`@i`B�M;mH�` K�i`Bt r?Qb2 /B�;QM�H 2Mi`B2b �`2 �HH MQM@x2`QX

U/V det(J) Bb i?2 T`Q/m+i Q7 i?2 /B�;QM�H 2Mi`B2b Q7 J X
JQ`2Qp2`- i?2 bi�i2K2Mib #2HQr ?QH/,ě
URV A7 r = n- i?2M det(J) #= 0X
UkV A7 r < n- i?2M det(J) = 0X

_2K�`FX h?2 T`QQ7 Q7 h?2Q`2K UeV Bb H27i �b �M 2t2`+Bb2 UQM BMp2`iB#BHBiv �M/ i?2 �TTHB+�iBQM Q7 h?2Q`2K U9VVX

ReX A7 r2 QMHv `2Hv QM ǵ2tT�MbBQMb Q7 /2i2`KBM�Mib �HQM; `QrbǶ BM 2p�Hm�iBM; /2i2`KBM�Mi- r2 rBHH ?�p2 � ?�`/ iBK2X
q2 MQr BMi`Q/m+2 � T�B` Q7 B/2�b- FMQrM �b ǵKmHiB@HBM2�`BivǶ �M/ ǵ�Hi2`M�iBM; T`QT2`ivǶ- i?�i rBHH ?2HT mb ?�M/H2
/2i2`KBM�Mib MQi QMHv BM +QKTmi�iBQM #mi �HbQ BM i?2Q`2iB+�H /Bb+mbbBQMX
q2 bi�`i rBi? ǵKmHiB@HBM2�`BivǶX
h?2Q`2K UdVX UJmHiB@HBM2�`Biv BM `Qrb 7Q` /2i2`KBM�MibXV
G2i A,B,C #2 (n× n)@b[m�`2 K�i`BtX 6Q` 2�+? i = 1, 2, · · · , n- /2MQi2 i?2 i@i? `Qrb #v ai,bi, ci `2bT2+iBp2HvX
G2i p #2 �M BMi2;2` #2ir22M 1 �M/ nX amTTQb2 α,β �`2 MmK#2`bX �M/ �HbQ bmTTQb2,ě

URV cp = αap + βbp- �M/
UkV ci = ai = bi r?2M2p2` i #= pX
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h?2M det(C) = α det(A) + β det(B)X
_2K�`FX AM bvK#QHB+ i2`Kb- i?2 +QM+HmbBQM BM h?2Q`2K UdV `2�/b,ě

det(

[
C"

αap + βbp
C#

]
) = α det(

[
C"
ap
C#

]
) + β det(

[
C"
bp
C#

]
),

BM r?B+?,ě
Ç C" bi�M/b 7Q` i?2 K�i`Bt r?Qb2 `Qrb �`2 c1, c2, · · · , cp−1 7`QK iQT iQ #QiiQK- �M/
Ç C# bi�M/b 7Q` i?2 K�i`Bt r?Qb2 `Qrb �`2 cp+1, · · · , cn−1, cn 7`QK iQT iQ #QiiQKX

"2+�mb2 Q7 i?2 p�HB/Biv Q7 bm+? �M 2[m�HBiv +QM+2`M2/ rBi? i?2 p@i? `Qr Q7 /2i2`KBM�Mib Q7 b[m�`2 K�i`B+2b- r2 b�v
i?�i i?2 /2i2`KBM�Mi Bb HBM2�` BM Bib p@i? `QrX
Pp2`�HH- r2 b�v i?2 /2i2`KBM�Mi Bb KmHiB@HBM2�` BM Bib `QrbX

RdX S`QQ7 Q7 h?2Q`2K UdVX
G2i A,B,C #2 (n× n)@b[m�`2 K�i`BtX 6Q` 2�+? i = 1, 2, · · · , n- /2MQi2 i?2 i@i? `Qrb #v ai,bi, ci `2bT2+iBp2HvX
G2i p #2 �M BMi2;2` #2ir22M 1 �M/ nX amTTQb2 α,β �`2 MmK#2`bX �M/ �HbQ bmTTQb2,ě

URV cp = αap + βbp- �M/
UkV ai = bi = ci r?2M2p2` i #= pX

.2MQi2 i?2 j@i? 2Mi`B2b Q7 ap,bp, cp #v apj , bpj , cpj 7Q` 2�+? jX
"v �bbmKTiBQM- 7Q` 2�+? j = 1, 2, · · · , n- r2 ?�p2 cpj = αapj + βbpj - �M/ A(p|j) = B(p|j) = C(p|j)X
1tT�M/BM; det(C) �HQM; Bib p@i? `Qr- r2 ?�p2

det(C)

= cp1 · (−1)p+1 det(C(p|1)) + cp2 · (−1)p+2 det(C(p|2)) + · · ·+ cpn · (−1)p+n det(C(p|n))

= (αap1+βbp1)·(−1)p+1 det(C(p|1))+(αap2+βbp2)·(−1)p+2 det(C(p|2)) + · · ·+ (αapn+βbpn)·(−1)p+n det(C(p|n))

= α(ap1 · (−1)p+1 det(C(p|1)) + ap2 · (−1)p+2 det(C(p|2)) + · · ·+ apn · (−1)p+n det(C(p|n)))

+β(bp1 · (−1)p+1 det(C(p|1)) + bp2 · (−1)p+2 det(C(p|2)) + · · ·+ bpn · (−1)p+n det(C(p|n)))

= α(ap1 · (−1)p+1 det(A(p|1)) + ap2 · (−1)p+2 det(A(p|2)) + · · ·+ apn · (−1)p+n det(A(p|n)))

+β(bp1 · (−1)p+1 det(B(p|1)) + bp2 · (−1)p+2 det(B(p|2)) + · · ·+ bpn · (−1)p+n det(B(p|n)))
= α det(A) + β det(B)

R3X q2 MQr im`M iQ i?2 ǵ�Hi2`M�iBM; T`QT2`ivǶX
G2KK� U3VX U�Hi2`M�iBM; T`QT2`iv BM M2B;?#Qm`BM; `Qrb 7Q` /2i2`KBM�MibXV
G2i A,B #2 (n× n)@b[m�`2 K�i`B+2bX 6Q` 2�+? i = 1, 2, · · · , n- /2MQi2 i?2 i@i? `Qrb Q7 A,B #v ai,bi `2bT2+iBp2HvX
amTTQb2 q Bb �M BMi2;2` #2ir22M 1 �M/ n− 1- �M/ bmTTQb2,ě

URV bq = aq+1- �M/ bq+1 = aq- �M/
UkV bj = aj r?2M2p2` j < q Q` j > q + 1X

h?2M det(B) = − det(A)X
_2K�`FX AM bvK#QHB+ i2`Kb- i?2 +QM+HmbBQM BM G2KK� UV `2�/b,ě

det(




A"
aq+1
aq
A#



) = − det(




A"
aq

aq+1
A#



),

BM r?B+?,ě
Ç A" bi�M/b 7Q` i?2 K�i`Bt r?Qb2 `Qrb �`2 a1,a2, · · · ,aq−1 7`QK iQT iQ #QiiQK- �M/
Ç A# bi�M/b 7Q` i?2 K�i`Bt r?Qb2 `Qrb �`2 aq+2, · · · ,an−1,an 7`QK iQT iQ #QiiQKX

RNX S`QQ7 Q7 G2KK� U3VX
G2i A,B #2 (n× n)@b[m�`2 K�i`B+2bX 6Q` 2�+? i = 1, 2, · · · , n- /2MQi2 i?2 i@i? `Qrb Q7 A,B #v ai,bi `2bT2+iBp2HvX
amTTQb2 q Bb �M BMi2;2` #2ir22M 1 �M/ n− 1- �M/ bmTTQb2,ě
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URV bq = aq+1- �M/ bq+1 = aq- �M/
UkV bj = aj r?2M2p2` j < q Q` j > q + 1X

6Q` 2�+? j = 1, 2, · · · , n- /2MQi2 i?2 j@i? 2Mi`v Q7 aq #v aqj X
h?2M 7Q` 2�+? j = 1, 2, · · · , n- r2 ?�p2 aqj = bq+1,j - �M/ A(q|j) = B(q + 1|j)X
1tT�M/ det(B) �HQM; i?2 (q + 1)@i? `Qr,

det(B)

= bq+1,1 · (−1)q+1+1 det(B(q + 1|1)) + bq+1,2 · (−1)q+1+2 det(B(q + 1|2)) + bq+1+3 · (−1)q+1+3 det(B(q + 1|3))

+ · · ·+ bq+1,n · (−1)q+1+n det(B(q + 1|n))

= aq1 · (−1)q+2 det(A(q|1)) + aq2 · (−1)q+3 det(A(q|2)) + aq3 · (−1)q+4 det(A(q|3))

+ · · ·+ aqn · (−1)q+1+n det(A(q|n))

= −[aq1 ·(−1)q+1 det(A(q|1))+aq2 ·(−1)q+2 det(A(q|2))+aq3 ·(−1)q+3 det(A(q|3))+ · · ·+aq+n ·(−1)q+n det(A(q|n))]
= − det(A)

kyX G2KK� U3V Bb M22/2/ 7Q` T`QpBM; h?2Q`2K UNV- �M/ rBHH BM 7�+i #2 bmT2`+2/2/ #v h?2Q`2K UNVX
h?2Q`2K UNVX U�Hi2`M�iBM; T`QT2`iv BM `Qrb 7Q` /2i2`KBM�MibXV
G2i A,C #2 (n× n)@b[m�`2 K�i`B+2bX 6Q` 2�+? i = 1, 2, · · · , n- /2MQi2 i?2 i@i? `Qrb Q7 A,C #v ai, ci `2bT2+iBp2HvX
amTTQb2 p, q �`2 /BbiBM+i BMi2;2`b �KQM;bi 1, 2, · · · , n- �M/ 7m`i?2` bmTTQb2

U�V cq = ap-
U#V cp = aq- �M/
U+V ci = ai r?2M2p2` i #= p �M/ i #= qX

h?2M det(C) = − det(A)X
_2K�`FX AM bvK#QHB+ i2`Kb- i?2 +QM+HmbBQM BM h?2Q`2K UNV `2�/b,ě

det(





A"
aq
A$
ap
A#



) = − det(





A"
ap
A$
aq
A#



),

BM r?B+?,ě
Ç A" bi�M/b 7Q` i?2 K�i`Bt r?Qb2 `Qrb �`2 a1,a2, · · · ,ap−1 7`QK iQT iQ #QiiQK-
Ç A$ bi�M/b 7Q` i?2 K�i`Bt r?Qb2 `Qrb �`2 ap+1,ap+2, · · · ,aq−1 7`QK iQT iQ #QiiQK-
Ç A# bi�M/b 7Q` i?2 K�i`Bt r?Qb2 `Qrb �`2 aq+2, · · · ,an−1,an 7`QK iQT iQ #QiiQKX

"2+�mb2 Q7 i?2 p�HB/Biv Q7 bm+? 2[m�HBiB2b �b /2b+`B#2/ BM i?2 +QM+HmbBQM Q7 h?2Q`2K UNV- r2 b�v i?�i i?2 /2i2`KBM�Mi
Bb �Hi2`M�iBM; BM Bib `QrbX

kRX �M BKK2/B�i2Hv +QMb2[m2M+2 Q7 h?2Q`2K UNV Bb i?2 `2bmHi #2HQr,ě
h?2Q`2K URyVX U*Q`QHH�`v iQ h?2Q`2K UNV- �#Qmi /2i2`KBM�Mib rBi? B/2MiB+�H `Qrb BM /BbiBM+i TQbB@
iBQMbXVV
G2i A #2 � b[m�`2 K�i`BtX
amTTQb2 irQ `Qrb Q7 A �i /BbiBM+i TQbBiBQMb �`2 B/2MiB+�HX h?2M det(A) = 0X
S`QQ7 Q7 h?2Q`2K URyVX
G2i A #2 � b[m�`2 K�i`BtX
amTTQb2 irQ /BbiBM+i `Qrb Q7 A- b�v- i?2 p@i? `Qr �M/ i?2 q@i? `Qr- �`2 B/2MiB+�HX
.2MQi2 #v C i?2 b[m�`2 K�i`Bt r?Qb2 p@i? �M/ q@i? `Qrb �`2 `2bT2+iBp2Hv i?2 q@i? �M/ p@i? `Qr Q7 A- �M/ r?Qb2
2p2`v Qi?2` `Qr Bb i?2 b�K2 �b i?2 +Q``2bTQM/BM; `Qr Q7 AX
"v h?2Q`2K UNV- r2 ?�p2 det(C) = − det(A)X
�HbQ MQi2 i?�i C = A #v i?2 /2}MBiBQM Q7 CX >2M+2 det(A) = 0X
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kkX S`QQ7 Q7 h?2Q`2K UNVX
G2i A,C #2 (n× n)@b[m�`2 K�i`B+2bX 6Q` 2�+? i = 1, 2, · · · , n- /2MQi2 i?2 i@i? `Qrb Q7 A,C #v ai, ci `2bT2+iBp2HvX
amTTQb2 p, q �`2 /BbiBM+i BMi2;2`b �KQM;bi 1, 2, · · · , n- �M/ 7m`i?2` bmTTQb2

U�V cq = ap-
U#V cp = aq- �M/
U+V ci = ai r?2M2p2` i #= p �M/ i #= qX

qBi?Qmi HQbb Q7 ;2M2`�HBiv- bmTTQb2 p < qX q`Bi2 m = q − pX aQ #v /2}MBiBQM- q = p+mX
LQi2 i?�i A,C �`2 `Qr@2[mBp�H2Mi mM/2` i?2 b2[m2M+2 Q7 `Qr QT2`�iBQMb #2HQr,ě

C = B0
Rp↔Rp+1−−−−−−→ B1

Rp+1↔Rp+2−−−−−−−−→ B2
Rp+2↔Rp+3−−−−−−−−→ B3 −−→ · · · −−→ Bm−2

Rq−2↔Rq−1−−−−−−−−→ Bm−1
Rq−1↔Rq−−−−−−→ Bm

Rq−1↔Rq−2−−−−−−−−→ Bm+1
Rq−2↔Rq−3−−−−−−−−→ Bm+2 −−→ · · · −−→ B2m−3

Rp+2↔Rp+1−−−−−−−−→ B2m−2
Rp+1↔Rp−−−−−−→ B2m−1 = A

UBM r?B+? i?2 K�i`B+2b B1, B2, · · · , B2m−1 �`2 /2i2`KBM2/ #v i?2 `Qr QT2`�iBQMb bT2+B}2/ i?2 b2[m2M+2VX
6Q` 2�+? j = 0, 1, 2, · · · , 2m− 2- i?2 K�i`B+2b Bj , Bj+1 /BbiBM+i 7`QK 2�+? Qi?2` QMHv �i � T�B` Q7 M2B;?#Qm`BM; `QrbX
h?2M #v G2KK� U3V- r2 ?�p2 det(Bj+1) = − det(Bj)X
h?2`27Q`2

det(C) = det(B0) = − det(B1) = (−1)2 det(B2)
= · · ·
= (−1)2m−3 det(B2m−3) = (−1)2m−2 det(B2m−2) = (−1)2m−1 det(B2m−1) = − det(A).

kjX AHHmbi`�iBQM Q7 i?2 B/2� BM i?2 �`;mK2Mi 7Q` h?2Q`2K UNVX
G2i A #2 � (5× 5)@b[m�`2 K�i`Bt- r?Qb2 `Qrb- 7`QK iQT iQ #QiiQK- �`2 H�#2HH2/ a1,a2,a3,a4,a5X
q2 p2`B7v i?�i

det(





a5
a2
a3
a4
a1



) = − det(





a1
a2
a3
a4
a5



).

q2 ?�p2




a5
a2
a3
a4
a1




R1↔R2−−−−−→





a2
a5
a3
a4
a1




R2↔R3−−−−−→





a2
a3
a5
a4
a1




R3↔R4−−−−−→





a2
a3
a4
a5
a1




R4↔R5−−−−−→





a2
a3
a4
a1
a5





R3↔R4−−−−−→





a2
a3
a1
a4
a5




R2↔R3−−−−−→





a2
a1
a3
a4
a5




R1↔R2−−−−−→





a1
a2
a3
a4
a5





>2M+2 #v G2KK� U3V,ě

det(





a5
a2
a3
a4
a1



) = (−1) · det(





a2
a5
a3
a4
a1



) = (−1)2 det(





a2
a3
a5
a4
a1



) = (−1)3 det(





a2
a3
a4
a5
a1



) = (−1)4 det(





a2
a3
a4
a1
a5



)

= (−1)5 det(





a2
a3
a1
a4
a5



) = (−1)6 det(





a2
a1
a3
a4
a5



) = (−1)7 det(





a1
a2
a3
a4
a5



) = − det(





a1
a2
a3
a4
a5



)
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